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Abstract 
Let ZF be a collection of proper maps into a topological space, (X, T), which satisfies a topo- 
logical property P. F is said to fir the topology r on X among all topologies satisfying property 
P if and only if 7 is the only topology on X which satisfies property P and for which every 
element of F is continuous and proper. Let X be a set, 7 a collection of functions into X, and 
im(s) = U&f(J) I f: J A X}. It will be shown that the following is true: “If F is a 
collection of proper maps which jxes the topology of a locally compact Hausdorff space (X, r) 
among all locally compact Hausdofl topologies on X, then X - im(F) is a finite set of isolated 
points”. Thus in this context if X has no isolated points then im(F) = X. When P is the property: 
“first countable and Hausdofl’, the following criterion for a collection of proper maps to fix a 
1st countable T2 space can be proven: “Let (X, r) be a first countable Hausdog space. Suppose 
F is a collection of proper maps from first countable Hausdog spaces to X such that for each 
sequence in X, some element of 7 passes through a subsequence. Then 3fues r among all first 
countable Hausdorfs topologies on X”. 
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1. Basic definitions and terminology 
In this paper more than one topology may be assumed on a given set. Thus if a point 
set X has topology 7 it will be denoted by (X, T). 
Definition 1.1. Let 3 be a collection of proper maps into a topological space, (X, T), 
which satisfies a topological property P. 3 is said to fix the topology T on X among 
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all topologies satisfying property P if and only if T is the only topology on X which 
satisfies property P and for which every element of 3 is continuous and proper. 
Here the term proper refers to a closed map for which inverse images of compact 
sets are compact. The concept of fixing a topological space by collections of proper 
maps was originally formulated by Ancel in 1983 in the restricted sense of fixing locally 
compact Hausdorff topologies among all locally compact Hausdorff topologies (see [ 11). 
The emphasis of most research into this concept in the period since has been devoted to 
constructing examples and counterexamples of this particular version of the fixing notion, 
Specifically if I = [0, l] c R it has been shown by Cooper [3] that the collection of Cc0 
injective paths into (In, Ew) fixes Ev among all locally compact Hausdorff topologies 
for In, where 1~ represents the standard (Euclidean) topology on In, and that more 
generally the same class of maps into a compact connected C” manifold fixes the 
standard manifold topology among all locally compact Hausdorff topologies. In contrast 
it has been shown that the collection of (real) analytic paths into 1” does not fix Ev 
among all locally compact Hausdorff topologies. 
In this paper some of the general properties of fixing collections and the spaces they 
fix will be investigated and in particular, the possible image sets of fixing collections will 
be considered. To see why image sets are important consider the following proposition 
due to Ancel (see [l]) which has been the primary tool for determining whether a given 
collection of proper maps fixes metric topologies among all locally compact Hausdorff 
topologies and which is clearly a statement about the possible image sets of the collection 
of maps which fixes. 
Proposition 1.2 (Ancel). Let 3 be a collection of proper maps from metric spaces into 
a locally compact metric space, (X, r), where T represents the topology induced by the 
metric. If for each sequence, {x~}=, C X, some element f E 3 passes through a 
subsequence (i.e., contains a subsequence in its image), then 3TJixes r among all locally 
compact Hausdo r# topologies. 
Since this proposition has been the primary tool for the discovery of examples of col- 
lections of proper maps which fix a particular locally compact Hausdorff space among all 
locally compact Hausdorff topologies for that space, the following questions concerning 
the fixing collections and the topological properties of the spaces they fix naturally arise: 
1. Under what conditions is the converse true? 
2. Is it possible to fix a topology without passing through a subsequence of every 
sequence? 
3. Can the proposition be generalized to spaces which are not necessarily metric? 
Furthermore, investigations of the author into these questions have lead to a couple of 
others: 
4. What are the possible images of the maps in a fixing collection? 
5. Is it possible to fix a topology and not “hit” every point by some map in the 
collection? 
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In this paper some answers and partial answers to these questions are pursued. With 
respect to the image sets of fixing collections the following terminological and notational 
definition will be used: 
Definition 1.3. Let X be a set and let 3 be a collection of functions into X. The image 
0f.F in X is the set: 
im(3) = U {f(J) 1 f : J + X}. 
fE3 
The following notations will also be used in the sequel. If (X, r) is a topological 
space and if A c X then 71~ will denote the relative (subspace) topology on A with 
respect to T. The closure of a set A c X with respect to the topology r will be denoted 
by cl, A. The statement A c X is T open (closed, compact, etc.) will mean that A is 
open (respectively: closed, compact, etc.) with respect to the topology T. Analogously 
if II: E X is a limit point (isolated point, interior point, etc.) with respect to T then this 
will be denoted by saying x is a T limit point (respectively: isolated point, interior point, 
etc.). 
2. Images of fixing collections with respect to locally compact Hausdorff spaces 
If a given collection of proper maps, 3, fixes a locally compact Hausdorff space, 
(X, T), among all locally compact Hausdorff topologies, and if this notion of fixing is to 
characterize T then one would hope that 3 picks up, at the very least, information about 
all the nondiscrete open subsets of X with respect to the topology T. The results of this 
section indicate that this is indeed the case. We start with a lemma: 
Lemma 2.1. Let 3 be a collection of proper maps whichfies the topology of a locally 
compact Hausdolfs space, (X, T), among all locally compact Hausdofl topologies for 
X. Then every point of X - im(3) is a T isolated point of X. 
Proof. Suppose x0 E X is not a T isolated point and that xc $ im(3). Let S be the 
collection of subsets of X defined by: 
s= {us X 1 u= w-- {X0}, i'k%T} ~{{XO}}. 
A routine check shows that S will be a basis for a topology on X. Denote this topology 
by T'. Clearly T' is T2, T is a proper subset of T', and x0 is an isolated point with respect 
to T' (thus T # 7'). Furthermore T' is locally compact. To see this first observe that if 
!cc $ K and K is T compact, then K is T' compact. Let x E X. If z = x0 then (20) is 
the required T' open subset of X whose T’ closure is compact in the topology T'. Thus 
assume a! # x0. Since T is T2 there are r open sets U and W with U n W = 8 and with 
x E U and x0 E W. Since T is locally compact there is a T open set V c U and such 
that K = cl, V is compact in the topology T. Clearly x0 6 K and thus, by the previous 
remark, K is T' compact as well. Furthermore V = V - (x0) so that V is a T' basic 
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open set. Thus if it can be shown that cl, V = K = cl+ V then V will be the desired 
r’ open set with x E V and such that cl+ V is a r’ compact set. To verify that this is so 
suppose xt E cl, V and notice that 21 # 20. Now let 0’ be any r’ basic open set with 
z1 EO’.ThenO’=O-{zo}(’ since ZI # zo) for some set 0 E r and, as was observed 
previously, 0’ is also an element of 7. Since ICI E cl, V, 0’ n V must be nonempty and 
if x2 E 0’ n V then x2 # ICO. Hence zt E cl+ V which implies cl, V c cl,, V. Now let 
q E cl+ V and note ICO $! cl,? V (because (~0) is a r’ open subset of X not meeting V). 
Let 0 E T with x1 E 0. But 0 is also 7’ open since 7 c r’ and thus 0 n V # 0 because 
x1 E cl+ V. Let 22 E 0 n V. Then z2 # zo (since zc $ V) and therefore XI E cl, V. 
Hence cl,! V c cl, V and it then follows that cl, V = cl,! V. 
Since V - (x0) E T for every V E T and f-l(~) = 8, and since every element of .F 
is r continuous, the inverse image of any T’ basic open set under any function in .F will 
be open. Thus every element of 3 will be continuous in the topology T’. The properness 
of the maps in F with respect to T’ follows at once from the properness of the maps in F 
with respect to T and from the observation that 7 C T’ implies every T’ compact subset 
of X is in fact 7 compact. Hence 7’ will be a locally compact T2 topology for X for 
which every map in F is continuous and proper. But this contradicts the hypothesis that 
F fixes the topology T among all locally compact T2 topologies. Hence the assumption 
that x0 $ im(.7=) must be false and thus the lemma follows. 0 
Since any set consisting solely of isolated points is open, from the lemma we imme- 
diately obtain the following corollary: 
Corollary 2.2. If F is a collection of proper maps which fixes the topology of a locally 
compact Hausdo$f space, (X, T), among all locally compact Hausdorfs topologies on 
X, then im(3) is a closed subset of X. 
Theorem 2.3. If .? is a collection of proper maps which fixes the topology of a locally 
compact Hausdolfs space, (X, r), among all locally compact Hausdorff topologies on 
X, then X - im(3) is a finite set of isolated points. 
Proof. Let 2 = X - im(F). Lemma 2.1 implies each point of 2 is a 7 isolated point 
of X and thus all that needs to be proven is that 2 has finite cardinality. Suppose to the 
contrary that 2 is infinite. Choose 20 E 2. Give im(3) the subspace topology, T[im(F)m 
On 2 let 
F = {U c 2 1 if ze E U, then 2 - U is finite}. 
A routine check shows that F is a topology and that with this topology (2, +) is a compact 
Hausdorff space. Since X is the disjoint union of im(F) and 2, define a locally compact 
Hausdorff topology for X as the disjoint union topology: r’ = T[im(F) U F. Observe that 
Z will be an open and closed subset of (X, T’). Also notice that zo is not an isolated 
point of (X, T’) and thus T’ # T. 
Claim. If f f F then f is continuous and proper when X is given the topology T’. 
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Proof of Claim. The 7’ continuity of each such f E 3 is elementary. Let K C X be 
7’ compact. Since Y = im(3) is 7’ closed, K’ = K f~ Y is 7’ compact. Furthermore, if 
f : J + X then: 
f-‘(K’) = f-‘(K nY) = f-*(K) nf-l(Y) = f-‘(K) nJ = f-l(K). 
Thus if K’ is 71~ compact then f-‘(K’) = f-‘(K) is a so 1 compact since f is proper 
in the T relative topology on Y and hence f will be proper with respect to T’. But 
K’ = K II Y c Y is r[y compact as the following open cover argument shows. If K’ 
is covered with T]Y open sets, then K’ is covered by r’ open sets since any r/y open 
set is 7’ open. The T’ compactness of K’ then implies the finite subcover and thus K’ 
is 71~ compact, completing the proof of the claim. 
It now follows that r’ is a locally compact T2 topology for X for which every map 
in 3 is continuous and proper. But this contradicts the hypothesis that 3 fixes T among 
all locally compact T2 topologies for X. Hence the supposition that 2 = X - im(3) is 
of infinite cardinality must be incorrect and therefore 2 must be a finite set. 0 
By a result due to Cooper (see [2]), the collection of all (real) analytic paths into 
(In, Ev) is a collection for which every point of I” is in the image of some such path 
(so that f” - im(3) = 8 which is clearly a finite set). However this collection does not 
fix the Euclidean topology among all locally compact Hausdorff topologies, thus giving a 
counterexample to the converse of the theorem. The following corollary follows at once 
from Theorem 2.3. Its proof is omitted. 
Corollary 2.4. If (X, ) r is a locally compact HausdoljFs space and (X, T) contains no 
isolated points and if 3 is a collection of proper maps into X which fixes T among all 
locally compact Hausdorjf topologies, then im(3) = X. 
3. 1st countable spaces and the sequence/subsequence criterion 
Proposition 1.2 gives a criterion for a collection of proper maps to fix a locally compact 
metric space among all locally compact Hausdorff topologies for that space. If the class 
of spaces under discussion is that of all spaces which satisfy the 1st countability axiom, 
an analogue to Proposition 1.2 can be obtained. This is the result in Theorem 3.1. 
Furthermore it is also possible to construct a counterexample to the converse of Theorem 
3.1. This is done by first proving Theorem 3.2, a generalization of Theorem 3.1, and 
then a corollary of this generalization will yield the counterexample. 
Theorem 3.1. Let (X, T) be a 1st countable HausdorfSspace. Suppose 3 is a collection 
of proper maps from 1st countable Hausdofl spaces to X such that for each sequence 
{xi}~~ in X, some element of 3 passes through a subsequence of {xi)zl. Then 3 
fixes T among all 1st countable Hausdoe topologies on X. 
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Proof. Let T’ be another 1st countable Hausdorff topology for X for which every member 
of 3 is continuous and proper and consider the identity function on X, id : (X, T) -+ 
(X, 7’). It will be shown that id must be a homeomorphism. Suppose first that id is not 
continuous. Then there is a 7’ open set U c X such that id-’ (U) = U is not T open. This 
and the 1st countability of r implies the existence of a point, 20 E U, and a sequence of 
distinct points, {zi}z, c X - U such that {zi}& converges in the topology T to 20. 
Hence {zi}E, U {Q,} is a compact subset with respect to the topology T. By hypothesis 
there is a function f E 3, f : J + X, with a subsequence of {xi}~, in its image and 
by passing to subsequences we can assume that {xi}E, is this subsequence. Since f is 
proper with respect to T, f-' ({zi}~, U {x0}) must be a compact subset of J. Choose 
yi E f-’ (xi) for i 3 1. Since a first countable compact space is sequentially compact, 
then (by passing to subsequences if necessary) we can assume that {yi}z, converges 
to a point ya E f-l ({zi}z, U {ciao}). Since f IS continuous with respect to both T and 
T’, then {f(yi)}~, = {xi}~, converges to f(ya) with respect to both T and T'. Since 
{xi},oO=, converges to xc with respect to T the Hausdorff condition then implies that 
f(ya) = 20. Hence, {xi}E, converges to x0 with respect to T' as well. But then U is a 
T' open subset of X containing the T' limit, ~0, of the sequence {xi}~, which does not 
meet this sequence. This contradiction implies that id must be continuous. A completely 
analogous argument yields the continuity of id-’ whereby it may now be concluded that 
id is a homeomorphism. Thus T' = T and hence from this it can be inferred that 3 fixes 
T among all 1st countable Hausdorff topologies. 0 
Observe that in the proof that id is continuous only the T convergent sequences are 
used. In the analogue proof that id-’ is continuous, while it is assumed that {xi}z, 
T' converges to xc, there is no guarantee, a priori, that {zi}z, converges to x0 in 
the topology T. Thus to ensure that there is an element of 3 which passes through a 
subsequence of {xi}z, the full hypothesis concerning passing a map in 3 through a 
subsequence of every sequence in X is in fact used. However it is possible to weaken 
this hypothesis in Theorem 3.1 as the following theorem shows. 
Theorem 3.2. Let (X, T) b e a 1st countable Hausdoflspace. Suppose 3 is a collection 
of proper maps from$rst countable HausdorfSspaces into (X, T) which has the following 
two properties: 
(a) For every T convergent sequence {xi}~~ in X there is a map in 3 which passes 
through a subsequence of {xi}gl, and, 
(b) if {xi}zI is a sequence in X with no T convergent subsequence and if {Vi}go=, is 
a sequence of T open subsets of X such that xi E V, for i > 1, then there is a sequence 
{yi}zo=, c X with no 7 convergent subsequence such that yi E Vi for i > 1 and some 
element of 3 passes through a subsequence of {yi},oO=1. 
Then 3$xes the topology T among all 1st countable Hausdolfs topologies on X. 
Proof. Let T' denote another 1st countable Hausdorff topology for which every map in 
3 is continuous and proper. Let id : (X, T) + (X, T') denote the identity function. As in 
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the proof of Theorem 3.1 we will show that id is a homeomorphism. The proof that id is 
continuous is identical to that in Theorem 3.1. To prove that id-’ is continuous, let U be 
a r open subset of X and suppose that id(U) = U IS not an open subset in the topology 
7’. Then there is a point 50 E U which is a 7’ limit point of X - U. Let {Vi}z, be a 
countable basis for (X, T’) at 20 such that VI > V2 > . . . . Choose a point zi E Vi - U 
for i 3 1. Then {zi}Er converges to zo with respect to the topology 7’. 
Claim. No subsequence of {xi}El converges in the topology 7. 
Proof of Claim. Suppose that {x:ik}~!t is a subsequence of {xi}rr which converges 
to some point z in (X,7). Then z E X - U because {x~i~}~?, c X - U and X - U 
is a closed set with respect to T. Since id : (X, r) + (X, T’) is continuous, {x~~}~~~ 
converges to z in the topology r’ and hence z = xo E U yielding a contradiction and 
proving the claim. 
Observe that each vl, is T open since id: (X, r) + (X, T’) is continuous. Thus by 
part (b) of the hypothesis of the theorem there is a sequence, {yi},“=,, in X with no 
converging subsequences in the topology r such that yi E Vi for i > 1 and there is an 
element f : J + X from the collection 3 and a subsequence {yik}r=, of {yi}zo=, such 
that {yi,}~?o=, C f(J). Since yir, E I& for k > 1, then {yik};E”=r converges to xc with 
respect to the topology 7’. Thus {yil,}r?r U (x0) is a compact subset in the topology 
7’. The assumption that f : J + (X, 7’) is proper implies that f-‘({yik}~=, u (~0)) is 
compact in J. Choose i& E f-‘(yi,) for k > 1. Since f-‘({1~i,}~~, U{XO}) is compact 
and first countable, it is sequentially compact. Thus by passing to subsequences it may 
be assumed that {i&}~=r converges to a point zo in f-‘({y~,}~=r U (x0)). But since 
f : J -+ (X,7) is continuous, then {f(zk)}& = {y~k}~~o=l converges to f(zo) with 
respect to 7, contradicting the fact that {yi}Eo=] has no convergent subsequences in the 
topology 7. Thus id(U) = U must be a 7’ open subset of X which implies the continuity 
of id-’ : (X, 7’) -+ (X, T). Therefore id: (X, r) -+ (X, 7’) is a homeomorphism as 
claimed and hence r = 7’. •! 
As an application of Theorem 3.2 we obtain the following corollary. 
Corollary 3.3. Let X be a metric space and let D be a dense subset of X. Let P = 
{ 1,2,3, . . .} and assume that P has the discrete topology. Let S = (0) U {l/i 1 i E P} 
with the topology it inherits as a subspace of IR with its usual topology. Let 3~ = 
{f : P -+ X 1 f is proper and f(P) C D}; let 3~ denote the set of all maps from 
S into X. Then the collection 3 = 3.9 U 3~ fixes the topology on X among all 1st 
countable Hausdofl topologies for X. 
Proof. Clearly 3 is a collection of proper maps from first countable Hausdorff spaces to 
X. Furthermore, for every converging sequence in X, there is an element of 3s which 
passes through it. Now let {xi}za,l be a sequence in X with no converging subsequences 
and let { LJi}zl be a sequence of open subsets of X such that xi E Vi for i > 1. Since 
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D is a dense subset of X, then for each i 3 1, there is an element yi E D n lJi and 
such that p(zi, yi) < l/ i, where p is the metric defined on X. Define f : P + X by 
the rule f(i) = yi for all i E P. Then by construction f passes through the sequence 
{yi}Et . Furthermore the sequence {yi},“,i has no convergent subsequence. To see this 
suppose to the contrary that {yik}rZi is a subsequence of (1~i)zt which converges 
to a point z E X. Then p(z, zir;) < p(z, yi,) + p(yih, zilc) -+ 0 as Ic -+ co. Hence 
{~~};Eo=i also converges to z, contradicting the earlier assumption that {zi}z, has no 
convergent subsequences. Thus this contradiction implies that the assertion that {yi}z, 
has no convergent subsequence must be true. Since P has the discrete topology, f must 
be continuous. It remains to be shown that f is a proper map. Let K be a compact 
subset of X and observe that for f-’ (K) to be a compact subset of P it must be finite. 
If f-‘(K) is infinite in cardinality then some subsequence {yik}~=, of {yi}& lies in 
K. Since K is sequentially compact some subsequence of {yit}‘& (and hence some 
subsequence of {yi}z,), converges to a point of K contradicting the earlier conclusion 
that {yi}zt has no converging subsequences. Thus it must be that f-‘(K) is finite and 
hence f is a proper map. Thus f E Fp. 
This shows that the hypotheses of Theorem 3.2 are satisfied by the collection 3 and 
thus by its conclusion, the collection 3 fixes the topology of X among all Hausdorff 
topologies satisfying the 1st countability axiom. 0 
Observe that in the above if {zi}~, is a sequence in X - D with no converging 
subsequences, then no element of F passes through any subsequence of {zi}~i. Thus 
consider the particular case of X = R, D = Q, and {zi}zi a sequence in IR - Q 
such that lim+.oo [xii = 00. Then by the corollary the collection F in the context of 
this example fixes IR with its usual topology but no element of F passes through any 
subsequence of {~i}zi. This specific example now shows that a collection of proper 
maps can fix a 1st countable T2 topology on a set X without necessarily having the 
property that every sequence of X has a subsequence through which some element of F 
passes. 
Theorem 3.2 weakens the requirement in Theorem 3.1 that every sequence in X have a 
subsequence which is in the image of some map in the collection F. A natural question at 
this point concerns whether Proposition 1.2 and/or Theorem 3.1 can be generalized further 
to provide a fixing criterion in terms of just the convergent sequences in (X, T). The 
following example indicates that this is not possible. Let lR be given its usual topology 
and let J = (0) U {l/i 1 i = 1,2,3,. . .} c IR be given the subspace topology. Let 
[0, 1) c IK be given the topology of a subspace of IR; call this topology 7. Let 3 denote 
the set of all maps from J to [0, 1). Note that each such map in F is automatically proper 
since J is compact. Clearly every 7 convergent sequence in [0, 1) has a subsequence in 
the image of some map in F. Now consider a bijective map g : [0, 1) + S’, where S’ is 
a circle. For example, viewing S’ as the unit circle in R2 with the subspace topology it 
inherits as a subset of (IR2, Ev), let g : [O, 1) + S’ be given by g(t) = (cos 2rt, sin 27rt). 
Use g to define a topology, r’, on [0, 1) as the pull back of the topology on 5” to [0, l), 
i.e., U will be open in this topology iff U = g-‘(V) for some open set V c S’. T # T’ 
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since, for example, the sequence (1 - l/lc}~=, will converge to 0 in the topology T’ 
but of course is not convergent with respect to the topology r. For each f E 3, g o f is 
clearly continuous and proper and thus so is f : J + ([0, 1), 7’). Hence 3 does not fix 
the topology T yet every r convergent sequence in [0, 1) has a subsequence in the image 
of some map in F. 
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